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1. Introduction
Transition form factors (TFFs) of light pseudoscalar mesons have been extensively
studied in last few decades experimentally as well as theoretically [1, 2, 3, 4, 5, 6,
7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20]. These are known to be the simplest
exclusive processes involving strong interactions. They provide useful precision tests for
the standard model, in particular, the QCD. A special role of TFFs of η and η′ is to
determine their quark-gluon structure and to fix their distribution amplitudes (DAs).
η and η′ mesons are characteristically different from pion in some sense. Due to SU(3)
breaking, η and η′ states are mixtures of flavor-octet and flavor-singlet states, usually
described by a mixing matrix [21, 22, 23, 24, 25]. Moreover, flavor singlet states can
mix with two gluon states under evolution producing gluonic admixtures to both η and
η′ mesons [10, 11]. Axial U(1) anomaly gives rise to large mass to η′ meson [26].
TFFs enter predictions of several observables, such as the rates of rare decays
M → ll, (l = e, µ) and hadronic light-by-light scattering contribution to the muon
anomalous magnetic moment. Quark and gluon components of η and η′ meson DAs are
necessary input information in theoretical calculations of various exclusive processes,
such as computation of B → η(′) TFFs [22, 23], χcJ decays in pairs of η and η′ mesons,
etc.
The standard approach for calculation of electromagnetic TFFs at high energy
is based on collinear factorization [7, 8]: TFFs are convolution of perturbative hard-
scattering amplitude and universal meson DAs which incorporate non-perturbative
dynamics of QCD bound states. Meson DAs are either extracted from fits to data,
or evaluated basing on low-energy models of the meson. DAs depend on the functions
of the longitudinal momentum of the meson carried by partons inside the meson, power
counting is achieved using a twist expansion of the operators on the light-cone. Since
most of the experimental information is available for an asymmetric configuration in
which one of the photon is quasi-on-mass-shell having a hadronic content, this requires
non-perturbative input. In another approach [27], TFFs for π0 have been calculated
using transverse momentum dependent meson wave function or kT -factorization. There
is no direct interpretation of these results with those obtained using DAs. In the third
approach [28], the photon TFFs of pseudoscalar mesons have been studied by means
of anomaly sum rules which are based on the dispersive representation of the axial
anomaly; this method does not rely on factorization. In addition, there are approaches
which are not directly based on QCD: non-local chiral quark model [29], light-front
quark model [20], light-front holographic QCD [30], combined analysis of low and high
Q2 data [31], etc.
In view of the ongoing debate on the question whether hard exclusive hadronic
reactions are under theoretical control, it is necessary to have a better understanding
of the sub-leading power terms in the large momentum expansion. This will also be
relevant for future high-intensity, medium energy experiments. The first approach based
on factorization of short and long distance dynamics, is more versatile and has been
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extensively used in literature. As is well known, in this approach the quantity of interest
is expanded in terms of twists of the operators. The TFFs of the η-and η′-mesons have
been calculated up to twist-4 so far. In this work we extend this calculation up to twist-
6 operators. Simultaneously, we also include meson mass and quark mass corrections
which give rise to SU(3)F breaking corrections.
This paper is organised as follows. In Sec. 2, we have given a short review of η-η′
mixing and DAs which have been used in this work. In Sec. 3, details of our calculation
for TFFs have been presented. In Sec. 4, we have given numerical analysis of the
theoretical results obtained: The results have been plotted individually, compared with
the corresponding results for twist-4 correction, and compared the results obtained by
superimposing our results on those obtained in literature for lower twists with data.
Finally, in Sec. 5, we have summarized the work and concluded. Some more details of
the quantities used in the main text have been relegated to an Appendix.
2. η - η′ mixing and distribution amplitudes
There are two equivalent ways in which η−η′ mixing has been described in the literature.
The quark-flavor mixing is convenient for this work and will be dealt with first. The
decay constants f
(i)
M for a meson M= η-η
′ are defined as [21],
〈M(p) | 1√
2
(u(0)γµγ5u(0) + d(0)γµγ5d(0)) | 0〉 = −if (q)M pµ, (1)
〈M(p) | s(0)γµγ5s(0) | 0〉 = −if (s)M pµ. (2)
The leading-twist (twist-2) DAs are defined in terms of matrix elements of bilocal quark
currents as,
〈M(p) | 1√
2
(u(z2)γµγ5u(z1) + d(z2)γµγ5d(z1)) | 0〉 = −if (q)M pµ
∫ 1
0
duei(up.z2+up.z1)Φ
(q)
M (u)+....,(3)
〈M(p) | s(z2)γµγ5s(z1) | 0〉 = −if (s)M pµ
∫ 1
0
duei(up.z2+up.z1)Φ
(s)
M (u) + ..... (4)
In above equations as well as in the following, path-ordered gauge connection between
non-local quark (gluon) operators [32, 10, 11, 12, 13, 14, 15, 16, 17, 18] is understood.
Left out terms on the R.H.S are either of higher twists or of higher order in light cone
expansion. The gluonic twist-2 DAs are defined as [11],
〈M(p) | Gµz(z)G˜µz(−z)|0〉 = 1
2
(p.z)2
CF√
3
f 0M
∫ 1
0
dueip.z(2u−1)Φ
(g)
M (u), (5)
where zµ is a light-like vector. Gµz=Gµξz
ξ, CF =
4
3
and f 0M is singlet current decay
constant. Φ
(g)
M (u) is antisymmetric under u↔ u.
The twist-2 DAs for quark-antiquark components and gluonic ones can be expanded
in terms of Gegenbauer polynomials as [33, 10, 11]:
ΦiM(u, µ) = 6uu

1 + ∑
n=2,4,..
BM,in (µ)C
3/2
n (2u− 1)

 , (i = q, s), (6)
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Φ
(g)
M (u, µ) = u
2u2
∑
n=2,4,..
BM,gn (µ)C
5/2
n−1(2u− 1), (7)
where u=(1− u). The quark-antiquark DAs are normalized as∫ 1
0
duΦ
(i)
M (u) = 1, (8)
whereas gluonic DA satisfies∫ 1
0
duΦ
(g)
M (u) = 0. (9)
Decay constants f
(i)
M are usually parameterized as [34],(
f (q)η f
(s)
η
f
(q)
η′ f
(s)
η′
)
=
(
cosφ −sinφ
sinφ cosφ
)(
fq 0
0 fs
)
. (10)
Two-particle twist-3 DAs are introduced as follows [32, 10, 17]:
2mq〈M(p) | 1√
2
(
u(z2)iγ5u(z1) + d(z2)iγ5d(z1)
)
|0〉 =
∫ 1
0
duei(up.z2+up.z1)Φ
(q)p
3M (u), (11)
2ms〈M(p) | (s(z2)iγ5s(z1))|0〉 =
∫ 1
0
duei(up.z2+up.z1)Φ
(s)p
3M (u), (12)
2mq〈M(p) | 1√
2
(
u(z2)σµνγ5u(z1) + d(z2)σµνγ5d(z1)
)
|0〉 = i
6
(pµzν − pνzµ)
∫ 1
0
du×
ei(up.z2+up.z1)Φ
(q)σ
3M (u), (13)
2ms〈M(p) | (s(z2)σµνγ5s(z1))|0〉 = i
6
(pµzν − pνzµ)
∫ 1
0
duei(up.z2+up.z1)Φ
(s)σ
3M (u), (14)
where z = z2 − z1. These twist-3 DAs are normalized as:∫ 1
0
duΦ
(q)p
3M (u) =
∫ 1
0
duΦ
(q)σ
3M (u) = h
(q)
M , (15a)∫ 1
0
duΦ
(s)p
3M (u) =
∫ 1
0
duΦ
(s)σ
3M (u) = h
(s)
M . (15b)
We follow the following parametrization of these DAs [17]:
 Φ(q)p,σ3η Φ(s)p,σ3η
Φ
(q)p,σ
3η′ Φ
(s)p,σ
3η′

 = U(φ)
(
Φp,σ3q 0
0 Φp,σ3s
)
, (16)
where U(φ) is the same matrix as used in parameterizing f
(i)
M .
These DAs are expanded in terms of Gegenbauer polynomials as [17]:
Φp3q(u) = hq + 60mqf3qC
1/2
2 (2u− 1) + ......, (17a)
Φp3s(u) = hs + 60msf3sC
1/2
2 (2u− 1) + ......, (17b)
Φσ3q(u) = 6uu
(
hq + 10mqf3qC
3/2
2 (2u− 1) + ...
)
, (18a)
Φσ3s(u) = 6uu
(
hs + 10msf3sC
3/2
2 (2u− 1) + ...
)
. (18b)
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Constants are related as,(
h(q)η h
(s)
η
h
(q)
η′ h
(s)
η′
)
= U(φ)
(
hq 0
0 hs
)
, (19)

 f (q)3η f (s)3η
f
(q)
3η′ f
(s)
3η′

 = U(φ)
(
f3q 0
0 f3s
)
. (20)
Combining Eqs. (10), (19) and (A.22) one obtains
hq = fq
(
m2η cos
2 φ+m2η′ sin
2 φ
)
−
√
2fs
(
m2η′ −m2η
)
sinφ cosφ. (21)
Though hq itself is small, the combination in which it appears normally is
hq
mq
which is
not small. The constant f3q,3s is three-particle decay constant which appears in twist-3
three particle DAs Φ3M (see Appendix). They are introduced in analogy with f3pi as
follows:
〈M(p) | 1√
2
(u(0)σzµγ5gG
zµu(0) + d(0)σzµγ5gG
zµd(0)) | 0〉 = 2i(p.z)2f (q)3M , (22)
〈M(p) | s(0)σzµγ5gGzµs(0) | 0〉 = 2i(p.z)2f (s)3M . (23)
The three distribution amplitudes of twist-3 Φp3M , Φ
σ
3M and Φ3M are related to each
other by equations of motion[35].
3. Twist-six contribution to γγ∗ → η, η′ transition form factors
The meson transition form factor Fγγ∗→M(q
2, (p − q)2), M=η, η′ is described by the
following matrix element [12, 13, 14, 15, 17].
Tµν(q, p) ≡ i
∫
d4x exp−iqx〈M(p) | T{jemµ (x)jemν (0)} | 0〉 = e2ǫµναβqαpβFγ∗γ∗→M(q2, (p−q)2),(24)
where
jemµ (x) =
∑
ψ=u,d,s
eψψ(x)γµψ(x). (25)
We consider space-like form factors with −q2=Q2 being large and (p − q)2 ≈ 0. In
such a situation we will denote the TFF Fγ∗γ∗→M(q
2, (p− q)2) simply by Fγγ∗→M(Q2).
The correlation function Tµν(q, p) is dominated by light-like distances and therefore
amendable to an expansion around the light-cone. The light-cone expansion is performed
by integrating out the transverse and ”minus” degrees of freedom and leaving the
longitudinal momenta of the partons as the required degree of freedom. In practice, the
transverse momenta are integrated only up to a cut-off, µ, and momenta below µ are
included in DAs. TFFs of pseudoscalar mesons have been calculated using factorization
mainly upto twist-4 order. In Ref. [15] an attempt has been made to extend the results
for π0 upto twist-6. We make a similar attempt here for η- and η′- mesons. Since
s-quark is involved in this case and the masses of η- and η′- mesons are substantially
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Figure 1. Factorizable twist-six corrections to the TFF Fγγ∗→η(′)(Q
2). The gluon
condensate contribution (h) vanish.
larger compared to pion mass, we also introduce lowest order corrections arising due
to finite s- quark mass and meson masses. Several light-cone operators of twist-6 can
be factorized as a product of two gauge-invariant twist-3 operators, or one twist-2 and
one twist-4 operator; placed between vacuum and one meson state, such operators in
factorization approximation can be evaluated as a product of quark or gluon condensate
and twist-3 or twist-2 (along with quark mass) DA. Non-factorizable operators give rise
to twist-6 multiparton meson DAs. It has been argued that due to conformal symmetry
higher Fock states are strongly suppressed at u→ 1 giving negligible contributions[36].
We use this approach to estimate twist-6 contributions in this work. The contribution
to the matrix element Tµν from the Feynman diagram given by Fig. 1(a) comes from
bilocal pseudoscalar operator and is given by
T (a)µν (q, p)(pseudo) =
8g2
9q2m2ρ
∑
ψ=u,d,s
e2ψ
1
mψ
〈ψψ〉ǫµναβqαpβ
∫ 1
0
duΦ
(ψ)p
3M (u)
1
(q − up)2 . (26)
In the above equation we have used vector meson dominance model and replaced
(q − p)2 → m2ρ in the denominator. We expand the integral in powers of (1/q2) and
retain terms up to (1/q6) in this work. The first term in the expansion of expression
(26) happens to be 1/q4. Neglecting the contributions of the twist-3 three-particle DA,
Φp3ψ(u)=hψ has been taken[32, 15]. It is to be noted that, in vector meson dominance
approximation, the factor 1/m2ρ is identified with the magnetic susceptibility of the
quark condensate [37, 38].
The Feynman diagram given by Fig. 1(b) contributes to the matrix element Tµν
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through a bilocal tensor operator given by,
T (b)µν (q, p)(tensor) =
8g2
9
∑
ψ=u,d,s
e2ψ
1
mψ
〈ψψ〉ǫµναβpα ∂
∂qβ
∫ 1
0
duΦ
(ψ)σ
3M (u)
1
(q − up)4 . (27)
In the considered approximation, Φσ3ψ(u)=6uuhψ [32, 15]. The result of the integral is of
the type 1/q6 in our approximation. The contributions from diagrams corresponding to
Figs. 1(c) and 1(d) are obtained by expanding quark propagator close to the light-cone
in a background gluon field [39]. Using equation of motion the covariant derivative of
the gluon field strength tensor is converted to a quark-antiquark pair form. This leads
to a bilocal tensor operator yielding
T (c+d)µν (q, p)(tensor) =
g2
27
∑
ψ=u,d,s
e2ψ
〈ψψ〉
mψ
ǫµναβp
α ∂
∂qβ
∫ 1
0
∫ 1
0
dudv
×(uu− 1
2
)
[
u
q4(1− uv)2 +
u
(q2uv − p2(1− uv))2
]
Φ
(ψ)σ
3M (v). (28)
Using light-cone expansion of the product of two currents [39] one gets diagrams
(e) and (f) shown in Fig. 1. This results in a tensor-type of bilocal operator and the
result can be expressed as
T (e+f)µν (q, p)(tensor) =
g2
9
∑
ψ=u,d,s
e2ψ
〈ψψ〉
mψ
ǫµραβp
α
∫ 1
−1
du
∫ u
−1
dv
∫ 1
0
dwΦ
(ψ)σ
3M (w)×
[
v(gβν q
ρ + gρνq
β(1− (1 + w + vw)/2))
{q2vw
2
− p2(1 + w + vw)/2}3 −
(1 + u)(gβν q
ρ + gρνq
β(1 + w − wu)/2)
{q2(1 + w − wu)/2− p2w(1 + u)/2}3
]
.(29)
This is in contradiction to the result obtained in Ref [15] where it has been found to
vanish. The result of integral starts at 1/q4.
The diagrams represented by Figs. 1(e) and 1(f) also contribute to axial-type bilocal
operator albeit with a linear quark mass term in the numerator. This can be retained
for s-quark. The corresponding result is
T (e+f)µν (q, p)(axial) =
−2
3
g2e2smsf
(s)
M 〈ss〉ǫµναβpβ
∂
∂qα
∫ 1
0
duuu
∫ 1
0
dvΦ
(s)
2M(v)
×
[
1
(q − uvp)2 +
1
(q − (v + vu)p)2
]
. (30)
This gives 1/q6-type contribution.
The expansion of quark propagator near light-cone in the background gluon field
also gives rise to a contribution involving gluon DA, shown in Fig. 1(g), and is linear
in quark mass:
T (g)µν (q, p) =
−g2f 0M
242
√
3
esms〈ss〉ǫµναβnβnλpρpσ ∂
∂qρ
∂
∂qσ
∂
∂qλ
∂
∂qα
×
∫ 1
0
du
∫ u
0
dv
∫ 1
0
dwΦg2M(w)(1− 2u− 2v)(u− v)2 ×[
1
(q + p(wu+ wv))2
− 1
(q + p(wu+ wv))2
]
, (31)
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where n is a light-cone constant vector [10, 11]. We estimate this contribution to be of
the order of 1/q8 and hence we drop it.
We have also looked into the possibility of contribution from gluon condensate in
place of quark condensate times quark mass. However, such contribution arising from
light-cone expansion of quark propagator as well as from product of two currents near
light cone, shown in Fig. 1(h), both vanish. Collecting all the contributions from Eqs.
(26-31) and retaining terms only upto order (1/Q6) in Fγγ∗→η(′)(Q
2), we get
Q2Fγγ∗→η(Q
2) =
−16παs
81
〈qq〉 1
Q4
[{
5hq cosφ√
2mq
− κs
ms
hs sinφ
}
×
{
Q2
m2η
− Q
2
m2ρ
log
[
Q2
m2η
]
− 19
2
− 2π
2
3
+
7
2
log
[
Q2
m2η
]
+
(
−m
2
η
m2ρ
+ 4
)
log
[
Q2
m2η
]
− 3
2
log2
[
Q2
m2η
]}
+
(
9msκs√
3
)[(
f 0η −
√
2f 8η
)(
46− 4π
2
3
− 14 log
[
Q2
m2η
]
+ 2 log2
[
Q2
m2η
])
+
{
f 0η
(
6Bq2(η0)L
48
75 − B
g
2
17
L
107
75
)
− 6
√
2f 8ηB
q
2(η8)L
2
3
}
×
{−316
9
+ 2π2 +
31
6
log
[
Q2
m2η
]
− 1
2
log2
[
Q2
m2η
]}]]
, (32)
where κs= 〈ss〉/〈qq〉. For Q2Fγγ∗→η′(Q2), one has to make the substitution (cosφ →
sinφ,− sinφ → cosφ,mη → mη′ , f 0,8η → f 0,8η′ ) in the above equation. Thus, twist-
6 contributions produce 1/Q4 correction [15], like twist-4 correction but with smaller
coefficients.
4. Numerical analysis of result
In this work, we use two loop result for running QCD coupling constant with Λ
(4)
QCD=326
MeV and four active flavors. In addition, we use following constants at renormalization
scale µ0=1 GeV[11, 22, 23, 24, 25, 14, 17]:
〈qq〉= -(0.240 ± 0.010 GeV)3, κs=(0.8 ± 0.1), mq=(4.5 ± 0.5)MeV, ms=(100 ±
10)MeV,φ=39.3◦±1.0◦, fq=(1.07±0.02)fpi, fs=(1.34±0.06)fpi, Bq2(η0)=Bq2(η8)=0.115±
0.035, B2,g=18±2, hq=0.0015±0.004 GeV 3, hs=0.087±0.006 GeV 3 and mρ=0.77 GeV
with zero width Γρ=0. Since in this work we are calculating only twist-6 corrections
to TFFs of η and η′ mesons, we shall be using results on leading order and next-
to-leading order power corrections arising from lower twists from existing literature.
In Table. 1, we have displayed the coefficients of 1/Q4 and 1/Q6 in Fγγ∗→η(′)(Q
2)
for Q2 = 5, 10, 50 GeV2. In Table. 2, we have displayed the composition of our
result for TFFs as ratios of different contributing Lorentz structures to the total twist-6
result. It demonstrates as to how the cancellation among the pseudoscalar and tensor
structures results in a small value of overall result. Since hq has been found to influence
the result on twist-6 contribution considerably, it is worth discussing the origin of its
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uncertainties. If the errors of fq,s and φ are treated as uncorrelated, then expression(21)
gives hq=(0.0015 ± 0.004) GeV 3 [33], ∼ 270% uncertainty. However, QCD sum rule
estimate by one of us yields hq=(0.0025± 0.0009) GeV 3 [24]. In Ref. [23], the authors
have considered hq
(2mq)
which normalizes twist-3 DAs of ηq. Working to leading order
in chiral expansion they set hq
(2mq)
=fqB0 with B0= m
2
pi/(2mq)=−2〈0 | qq | 0〉/f 2pi .
With the uncertainty in 〈qq〉 and fq as given above and mq=(4-5) MeV, one finds
hq=(0.0021±0.0005) GeV 3. Another approximate numerical estimate of hq can be given
using the octet-singlet basis of η − η′ system. In Ref. [40], µη=3m2η/(mu +md + 4ms),
chirally enhanced factor, has been introduced in the matrix element of octet pseudoscalar
quark current between vacuum and one η-state, assuming it to be a pure octet, in
line with µpi and µK . Similarly, in Ref. [10], µη′=3m
2
η′/(2mu + 2md + 2ms) has been
introduced in the matrix element of singlet pseudoscalar quark current between vacuum
and one η
′
- state assuming it to be a pure singlet state. Writing these matrix elements
in both quark-flavor as well as octet-singlet basis one gets
hq cosφ√
12mq
+
hs sinφ√
6ms
= f 8ηµη, (33)
hq sinφ√
6mq
+
hs cosφ√
12ms
= f 0η′µη′ . (34)
These equations can be solved together to estimate hq in an approximate way since η
and η′ are not simply octet and singlet states respectively as treated in this derivation.
Taking the numerical values of f 8η and f
0
η′ , as well as (for the sake of consistency) the
quark masses from Ref.[24], we estimate hq ≃ 0.0057GeV 3. This barely touches the
upper limit of the first estimate given in this paragraph.
In Figs. 2 and 7, we have shown our result for twist-6 correction to the TFF
Fγγ∗→η(′)(Q
2) for hq=0.0055, 0.0015 and -0.0025 which covers the range obtained in the
first estimate. In Tables. 1 and 2 as well as later in Figs. 3 and 6, we have picked up
one hq ≃ 0.0020GeV 3 which lies in more narrow ranges given in the second and third
estimates. For the argument of the running QCD coupling constant, we use frequently
used scale µ2=Q2. In Figs. 3 and 6, we have compared our result for twist-6 correction
to Fγγ∗→η(′)(Q
2) with the result for twist-4 correction to the same from Ref. [17]. In
Figs. 4 and 8, we superimpose our results of twist-6 corrections on those obtained in
Ref. [16] for TFFs to leading twist accuracy and NLO of perturbative QCD for a specific
set of parameters (Gegenbauer coefficients of order 2) obtained from fitting the data.
The shaded area shows the uncertainty in our result due to uncertainty in various input
parameters, as given above in this section, and has been shown separately in Figs. 4(a)
and 8(a) for clarity.
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Table 1. Coefficients of 1
Q4
and 1
Q6
in our result for the TFF for Fγγ∗→η(′)(Q
2) at
different momenta. Parameters used for evaluation: 〈qq〉 = (−0.24)3GeV 3, κs = 〈ss〉〈qq〉 =
0.8, φ = 40.3◦, hq = 0.0020GeV
3, hs = 0.087GeV
3, fq = 1.07fpi, fs = 1.34fpi,mq =
4.5MeV,ms = 100MeV,B
q
2
(η0) = B
q
2
(η8) = 0.15, B
g
2
= 16.
Q2
Coefficient of 1
Q4
Coefficient of 1
Q6
η η′ η η′
5 -0.0048 -0.0103 -0.0220 -0.0287
10 -0.0075 -0.0148 -0.0266 -0.0357
50 -0.0118 -0.0218 -0.0445 -0.0580
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Figure 2. Plot of our result for twist-six correction to the TFF Fγγ∗→η(Q
2) for
hq=0.0055 (a), 0.0015 (b) and -0.0025 (c).
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Figure 3. Comparison of our result for twist-six correction to the TFF Fγγ∗→η(Q
2)
(solid line, right scale) with twist-four correction [17] to the same (dashed line, left
scale). Parameters used are the same as used in Table 1.
Table 2. Ratios of different Lorentz structures to the total twist-six result for the
TFF for Fγγ∗→η(′)(Q
2) at different momenta. Parameters used for this evaluation are
the same as those used in Table.1.
Q2
η η′
Fpseudo−6
Ftwist−6
Faxial−6
Ftwist−6
Ftensor−6
Ftwist−6
Fpseudo−6
Ftwist−6
Faxial−6
Ftwist−6
Ftensor−6
Ftwist−6
5 1.850 0.020 -0.870 1.230 -0.041 -0.189
10 1.742 0.010 -0.752 1.205 -0.011 -0.194
50 1.524 0.002 -0.526 1.153 -0.001 -0.152
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Figure 4. Plot of our result for twist-six corrections (solid lines) superimposed on the
result obtained in Ref.[16] (a)(dashed line, plotted by us) for the TFF Fγγ∗→η(Q
2).
The shaded area corresponds to the uncertainty in our result due to variation in the
input parameters as given in the text. In (b) the same results are compared with data
from Refs. [2, 5].
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Figure 5. Plot of our result for twist-six corrections (solid lines) superimposed on the
result obtained in Ref.[17] (a)(dashed line, plotted by us) for the TFF Fγγ∗→η(Q
2).
The shaded area corresponds to the uncertainty in our result due to variation in the
input parameters as given in the text. In (b) the same results are compared with the
data from Refs. [2, 5].
In Figs. 4(b) and 8(b), we show this combination of results alongwith the data
from Refs.[2, 5]. Results on TFFs for η and η′ mesons obtained in Ref [17] include NLO
analysis of perturbative corrections, charm-quark contribution, SU(3)-flavor breaking
effects and the axial anomaly contributions to the power-suppressed twist-4 DAs. In
Figs. 5(a) and 9(a) we have shown the results obtained by superimposing our results to
those obtained in Ref. [17] for a specific set of parameters. Again the shaded area shows
the uncertainty in our results only due to uncertainty in various input parameters as
given above in this section. Figs. 5(b) and 9(b) show the comparison of this combination
with data points.
Figure 6. Comparison of our result for twist-six correction to the TFF Fγγ∗→η′(Q
2)
(solid line, right scale) with twist-four correction [17] to the same (dashed line, left
scale). Parameters used are the same as used in Table 1.
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Figure 7. Plot of our result for twist-six correction to the TFF Fγγ∗→η′(Q
2) for
hq=0.0055 (a), 0.0015 (b) and -0.0025 (c).
(a)
10 20 30 40 50
0.21
0.22
0.23
0.24
0.25
0.26
Q2 , GeV2
Q
2
F

*
γ→
η′
Q
2

●●
●●
●●
● ● ● ●
●
▲
▲▲
▲
▲
▲
● BABAR
▲ CLEO
(b)
0 10 20 30 40 50
0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
Q2 , GeV2
Q
2
F

*
γ→
η′
Q
2

Figure 8. Plot of our result for twist-six corrections (solid lines) superimposed on the
result obtained in Ref.[16](a) (dashed line, plotted by us) for the TFF Fγγ∗→η′(Q
2).
The shaded area corresponds to the uncertainty in our result due to variation in the
input parameters as given in the text. In (b) the same results are compared with the
data from Refs. [2, 5].
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Figure 9. Plot of our result for twist-six corrections (solid lines) superimposed on the
result obtained in Ref.[17](a) (dashed line, plotted by us) for the TFF Fγγ∗→η′(Q
2).
The shaded area corresponds to the uncertainty in our result due to variation in the
input parameters as given in the text. In (b) the same results are compared with the
data from Refs. [2, 5].
5. Summary and conclusion
Our result on twist-6 corrections to TFFs for η and η′ mesons starts with 1/Q4, as is
the case for twist-4 corrections [17], but with a smaller coefficient. For this calculation
we have considered a subset of twist-6 operators which can be factorized as a product
of two gauge invariant twist-3 operators or one twist-2 and one twist-4 operator. Our
general framework is to use light-cone expansion of product of two currents or of a
quark propagator but we have also used additional Feynman diagrams which are not
accounted for by light-cone expansion. We found that while gluon condensate along with
twist-2 DA does not contribute to TFFs, the meson DA with two valance gluons, being
a special case for η and η′ mesons, contributes, has a higher order term in momentum
expansion and hence, has been dropped in our approximation. Nevertheless, gluon DA
contribution appears due to quark-gluon mixing and renormalization group evolution.
Non-factorizable operators are expected to give negligible contribution [36]. We have
used vector-dominance model to regulate the result when one of the quark lines goes to
the mass-shell. Twist expansion provides a systematic way to calculate higher order
power corrections to exclusive processes, our endeavour is to estimate contribution
arising from twist-6 operators to TFFs of η and η′ mesons. Since the mesons involved
are not simply Goldstone bosons due to their anomalous masses, we have included
their masses as well as the s-quark mass (linear) in our result. We found that hq,
which is the first term in Gegenbauer expansion of twist-3 DA of pseudoscalar-type,
introduces considerable uncertainty if it is not well constrained. We observed that
twist-6 contribution is a couple of times smaller in magnitude than its counterpart for
twist-four for the η meson, but for η′ meson these two contributions are comparable. As
far as light-cone sum rules are concerned, we found that they introduce less than 10%
modification for twist-4 operators for Q2 > 7GeV 2 in [17] and around 25% modification
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for twist-6 operators in [15]. In our case they may modify the result by up to 20%
due to higher Borel mass and continuum threshold. This will be a small change to the
total result for TFFs Fγγ∗→η(′)(Q
2). We feel that any further higher twist correction will
make insignificant improvement in the total result for TFFs. Constraining parameters
such as hq is better called for. Including few more terms in the expansion of lower-
twist DAs, taking non-valance quark(gluon) contribution and taking into account the
kT -corrections when Q
2 ∼ a few GeV 2 are other steps which can be taken to improve
theoretical results in this approach.
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Appendix A. Decay constants, mixing in twist-2 DAs , anomaly equation
and three-particle twist-3 DAs
Here we give some more details of the quantities that have been used in the main text.
Appendix A.1. Meson decay constants and mixing in twist-2 DAs
Decay constants f
(i)
M are parameterized in terms of two basic decay constants and two
mixing angles [21, 34].(
f (q)η f
(s)
η
f
(q)
η′ f
(s)
η′
)
=
(
cosθq −sinθs
sinθq cosθs
)(
fq 0
0 fs
)
. (A.1)
It is well known that axial current has anomalaus divergence:
∂µ(ψγµγ5ψ) = 2imψψγ5ψ − αs
4π
GaµνG˜
aµν , (ψ = u, d, s), (A.2)
G˜aµν =
1
2
ǫµνρσGaρσ, ǫ
0123 = +1. (A.3)
This U(1)A anomaly leads to significant mixing between (u,d) and s-quark states. The
difference |θq−θs| is determined by OZI- rule violating contribution and not by SU(3)F
breaking. Phenomenological analysis gives | θq−θs
θq+θs
| ≪ 1. Hence, it is common to use
θq ≃ θs ≃ φ and parameterize the mixing with the matrix U(φ) given by [34],
U(φ) =
(
cosφ − sinφ
sin φ cos φ
)
. (A.4)
In QF basis one introduces pure non-strange and strange states | ηq〉 = 1√2 | (uu+ dd)〉
and |ηs〉 =| ss〉 leading to,(
η
η′
)
= U(φ)
(
ηq
ηs
)
. (A.5)
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Because the gluon and flavor singlet quark DAs mix under evolution, the gluon DA
is usually assigned the same factor as for flavor singlet quark DA. The mixing equation
has a 2 × 2 matrix form which has been solved [10, 12, 14]. Keeping only the first
non-asymptotic term in the singlet component of the twist-2 DAs, the quark-antiquark
and gluon DAs can be written as
Φ(q)η0 (u, µ
2) = 6uu[1 + A(µ2)− 5A(µ2)uu], (A.6)
Φ(g)η0 (u, µ
2) = u2u2(u− u)B(µ2). (A.7)
For nf=4, the functions A(µ
2) and B(µ2) are given by [12, 14],
A(µ2) = 6Bq2L
48
75 (µ2)− B
g
2
17
L
107
75 (µ2), (A.8)
B(µ2) = 19Bq2L
48
75 (µ2) + 5Bg2L
107
75 (µ2), (A.9)
where µ20 = 1GeV
2 is a normalization scale and
L(µ2) =
αs(µ
2)
αs(µ
2
0)
. (A.10)
The DA of octet state has only the quark component Φη8(u, µ
2) where C(µ2) replaces
A(µ2):
C(µ2) = 6Bq2L
2/3. (A.11)
In the singlet-octet basis, the quark currents are written as
J8µ5 =
1√
6
(uγµγ5u+ dγµγ5d− 2sγµγ5s), (A.12)
J0µ5 =
1√
3
(uγµγ5u+ dγµγ5d+ sγµγ5s). (A.13)
The corresponding decay constants are defined as,
〈M(p) | Jaµ5 | 0〉 = −ifaMpµ; a = 8, 0. (A.14)
These decay constants are related to those in QF basis as follows,
f (q)η = fq cosφ =
1√
3
(
√
2f 0η + f
8
η ), (A.15)
f (s)η = − fs sinφ =
1√
3
(f 0η −
√
2f 8η ), (A.16)
f
(q)
η′ = fq sinφ =
1√
3
(
√
2f 0η′ + f
8
η′), (A.17)
f
(s)
η′ = fs cos φ =
1√
3
(f 0η′ −
√
2f 8η′). (A.18)
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Appendix A.2. Matrix elements of anomaly equation and three-particle twist-3 DAs
Introducing,
aM = 〈M(p) | αs
4π
GaµνG˜
aµν | 0〉, (A.19)
hqM = 2imq〈M(p) |
1√
2
(uγ5u+ dγ5d)|0〉, (A.20)
hsM = 2ims〈M(p) | sγ5s|0〉, (A.21)
one finds,
aM =
1√
2
(hqM − f qMm2M) = hsM − f sMm2M , (A.22)
where mq = (mu +md)/2.
The three particle twist-3 DA is defined as [41, 42],
〈M(p) | r(x)gGnµν(vx)
λn
2
σαβγ5r(0) | 0〉 = if3r[(pµpαgνβ − pνpαgµβ)− (pµpβgνα − pνpβgµα)]×∫ 1
0
dα1dα2dα3δ(1− α1 − α2 − α3)Φ3r(α1, α2, α3)eipx(α1+vα3), (A.23)
where r=q, s, 0 ≤ v ≤ 1 and f3q ≈ f3s ≈ f3pi and
Φ3r(αi) = 360α1α2α
2
3{1 + λ3r(α1 − α2) + ω3r
1
2
(7α3 − 3)}. (A.24)
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